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Abstract 

By the method of ^-integration we obtain all Lanczos potentials Labca' of 
the Weyl spinor that, in a certain sense, are aligned to a geodesic shear-free 
expanding null congruence. We also obtain all spinors HabA'B' = QabOa'Ob 1 , 
Qab = Q(AB) satisfying V \ A B ' ' H BC)A 'B> = L A bca>- We go on to prove that 
HabA'B' can be chosen so that TabcA' = V \a b H B ) C a>b' defines a metric 
asymmetric curvature-free connection such that Labca> — ^(abc)A' is a Lanc- 
zos potential that is aligned to the geodesic shear-free expanding congruence. 
These results are a generalization to a large class of algebraically special space- 
times (including all vacuum ones for which the principal null direction is expand- 
ing) of the curvature-free connection of the Kerr spacetime found by Bergqvist 
and Ludvigsen, which was used in a construction of quasi-local momentum. 
In conclusion we give a corresponding definition of quasi-local momentum in 
this more general class of spacetimes and examine some of its properties in the 
special case of a Kerr-Schild spacetime. 

PACS: 04.20, 02.40 
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1 Preliminaries 



1.1 Introduction and conventions 

The purpose of this paper is to determine Lanczos potentials for the Weyl spinor 
^ abgd and their ff-potentials that have a particularly simple algebraic struc- 
ture, in a class of spacetimes admitting a geodesic shear-free expanding null 
congruence (including all vacuum ones), and to use these potentials to con- 
struct curvature-free asymmetric connections. Such a construction has already 
been performed in the Kerr spacetime jllj , where the curvature- free connection 
was used to construct a quasi-local momentum for the Kerr spacetime. In this 
section we will give the preliminary results that we need, concerning Lanczos 
potentials, ii-potentials and p-integration. In the final part of this section we 
give an outline of the remainder of the paper. 

We will use spacetime definitions and conventions from flS|| . In particular 

this means that the metric g a b is assumed to have signature (H — ). We 

will use spinors for our calculations, but as all results are local in nature there 
is no need to postulate the existence of a global spinor structure on spacetime. 
Penrose's abstract index notation []l9| will be used throughout this paper; Latin 
letters will denote tensor indices, primed and unprimed capital Latin letters will 
denote spinor indices. However, on differential forms (completely antisymmetric 
tensors) occurring under an integral sign the indices will be suppressed and the 
differential form will be written as a bold-faced letter. All spinor dyads (o A , l a ) 
will be assumed to be normalized, i.e., oal A — 1- V ' aa 1 denotes the Levi- 
Civita connection, i.e., the uniquely defined metric and torsion-free (symmetric) 
connection on spacetime. 



1.2 Lanczos potentials and ^-potentials 

It is well-known fist , S, Jll| that there always exists a completely symmetric 
spinor Labca- = L(abc)A> such that 

^abcd = 2\7^ A A L BCD ) A , (1) 

where ^abcd is the Weyl spinor. This equation is called the Weyl-Lanczos 
equation and Labca' is called a Lanczos potential of ^abcd- In fact fOill , 
given any symmetric spinor Wabcd it can be shown that it has a Lanczos 
potential Labca 1 - 

It is important to note that a Lanczos potential is far from unique. It 



is shown in 15 that given any symmetric spinors Wabcd, Cbc there exists 
a Lanczos potential of Wabcd (unique up to its values on a spacelike past- 
compact hypersurface) such that 

V AA Labca' — Cbc- 
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For a recent, very simple proof of this fact, see 0]. 

The spinor (bc is called the differential gauge of Labca 1 and when (bc = 0, 

i.e., 

V Labca' = 

Labca' is said to be in Lanczos differential gauge. Then the Weyl-Lanczos 
equation can be written 

^abcd — 2V 'a A Lbcda 1 - 

However, in this paper we will not impose the Lanczos differential gauge con- 
dition. Instead we prefer Fbc to remain arbitrary and indeed the Lanczos po- 
tentials that we find will only satisfy Lanczos differential gauge in very special 
circumstances. 

We now take this one step further and ask: Given a symmetric spinor 
Labca'i does there exist a spinor Haba'B' such that 

Labca 1 — V \ A B H B c)A'B' (2) 

where H A ba>B' is completely symmetric, i.e., H A ba>b> = H^ A b)(A'B')^ In 
the case when Labca 1 is a Lanczos potential of the Weyl spinor, Haba'B' 
would then be a gravitational analogue of the flat space Hertz potential in 
electromagnetic theory. 

Illge gives a partial answer to this question. He shows jD| that if such a 
potential exists it has to satisfy a restrictive condition that is algebraic in the H- 
potential. This rules out the existence of such a Hertz-like potential in general. 
However, in Einstein spacetimes the ii-potential vanishes from this condition 
and it turns out to be possible to prove the existence of a completely symmetric 
-ff-potential for an arbitrary symmetric Labca' in these spacetimes Q6|. 

We remark that in an 7i-space j^l in 'complex general relativity', it is always 
possible to find a very simple Lanczos potential of the Weyl spinor, that in turn 
has a very simple ff-potential; however a general result of the nature of the one 
in Q does not exist, as far as we know, for these spaces. 

If we remove the requirement of symmetry over the unprimed indices of 
Haba'B' , it follows from |T^| that such a potential exists in all spacetimes, but 
in this paper we will only consider completely symmetric i7-potentials so this 
result is of limited interest to us. 

For a lot of our calculations in this paper we will use the GHP-formalism. 
For a normalized spinor dyad (o a ,l a ) it is conventional to define the dyad 
components of the Lanczos potential, the so-called Lanczos scalars, as 

L = L A bca'0 A o b o c o a ' L 4 = L A bca'0 A o b o c l a ' 

Li = L A bcA'0 A o b l c o a ' L 5 = L A bcA'0 A o b l c l a ' 

L 2 = L A bcA'0 A l b i c o a ' L 6 = L A bcA'0 A l b l c l a ' 

L 3 = L AB CA'L A L B i C o A ' L 7 = L A bca'L A l B l C l A '. (3) 
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The Weyl-Lanczos equation can then be translated into GHP-formalism: 
-^o = 9Lq — J3L4 — t'Lq + 3aLi + pL± — 3kL$ 

2*! = 3<9Li - 3 P L 5 - d'L A + fc'Lo - (p' - 3p')L a - 3(f ' - t)L x 

+6<jL 2 — (3t' — f)Li — 3(p — p)L§ — 6kLq 
* 2 = dL 2 - pL 6 - d'L 5 + P % + k'L - {p 1 - 2p')L x - (f ' - 2t)L 2 

+CTL3 — a L4 — (2t — f)Ls — (2p — p)Lq — kL 7 
2*3 = 9L 3 - pL 7 - 3d'i 6 + 3p'L 2 + 6/c'L x - 3(p' - p')-^ - (t' - 3r)L 3 

-6(7^5 - 3(r' - f)L 6 - (3p - p)L 7 

= P% - d'L 7 + 3k' L 2 - p'L 3 - 3<j'L 6 + ?L 7 (4) 

These equations will be used to integrate the Weyl-Lanczos equation for a large 
class of algebraically special spacetimes in the following sections. 



We define the dyad components of Haba 1 b> 


as 








ffotr = H ABA , B ,o A o B o A 'o B ' 


Hov = 


H ABA ' 


B> 


A B A 




tj u A B A' B' 

H 02 > = Haba'B'O l l 


HlQ' — 


H ABA i 


B' 


o a l b o a ' 


o B 


H lv = H aba , b ,o a l b o a 'l b ' 


H\ 2 ' = 


H ABA 


'B 


■0 A L B L A ' 


i B ' 


H 20 > =H aba , b ,l a l b o a 'o b ' 


#21' = 


H ABA 


'B 


' L A L B A ' 


i B ' 


H 22 i = H ABA i B H A L B L A i B . 













Then (||) becomes, in GHP-formalism 

L = dH 00 ' - pi?oi< - f'H 00 ' + 2pH m , - RH 02 , + 2cr.ffio< - 2kH 1v 
3ii = p'ifoc - d'H 01 , + 2dH w , - 2£H 1V 

+ {2p' - p')H 00 ' + 2(f - t')H v - aH 02 ' + 2(r - ?')H W > 
~2(p - 2p)H lv - 2RH 12 , + 2aH 2W - 2kH 2V 
3L 2 = 2 P 'iJ 10 ' - 2d'H xv + dH 20 ' - ^H 2V 

+2k'H Q0 ' - 2<j'H 01 , + 2(p' - p')H W ' + 2(2? - t')H 1v 
-2aH 12 > + (2r - f')H 2 o< - 2{p - p)H 2V - RH 22 , 
L-3 = p'i/20' - d'H 2V + 2k'H 10 ' - 2a'H xv - p?H 20 ' + 2fH 2V - <tH 22 , 
Li = &Hov - p# 02 ' + v'H 00 , - 2f'ff i' + pH 2' + 2aH lv - 2kH 12 , 
3L 5 = p'tfov - d'H 02 , + 28H 1V - 2£H l2 , 

+R'H 00 ' + 2{p' - p')H 0V + (f - 2r')#02' + 2cr / Ifio' 
+2(r - 2f')#ii' - 2(p - p)H l2 , + 2<jH 2V - 2kH 22 , 
3L 6 = 2$>'H 1V - 2d'H 12 , + dH 2V - £H 22 , 

+2k'H 0V - 2<t'H 02 , + 2R'H W > + 2{p' - 2p')H lv 
+2(f - t')H 12 , + <7'H 20 , + 2(r - f')H 2V - (2p - p)H 22 , 
L 7 = p'#2i' - d'H 22 , + 2k' H U ' - 2a'H 12 , + R'H 20 ' - 2p'H 2V + ?H 22 , (6) 
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and we will also integrate these equations for the Lanczos potentials obtained 
from the GHP Weyl-Lanczos equations. 



1.3 Some spacetimes admitting a geodesic shear-free ex- 
panding null congruence 

In S the GHP-equations for the spin coefficients and curvature components 
were p-integrated. In this section we will simply quote the results. We assume 
that spacetime admits a geodesic, shear-free null congruence l a — o A o A and 
that its Ricci spinor satisfies the condition 



^ABA'B'O o 



0. 



(7) 



For various technical reasons we also restrict the scalar curvature to be constant 
and the null congruence to be expanding. Any spacetime that satisfies all these 
conditions will be said to be of class Q. Take o A as the first spinor of a spinor 
dyad. In GHP-formalism the above conditions arc equivalent to 



$oo = $oi = $02 = , k = a = , 
By the Goldberg-Sachs theorem we obtain 

*o = *i = 0, 



A = constant 



(8) 



(9) 



and so the spacetime is algebraically special. 

We can use a null rotation about o A to achieve r = 0, and the Ricci equations 
[n~9[ then imply that also 



0. 



(10) 



Whenever a dyad is chosen in this way for an arbitrary spacetime of class Q it 
will be said to be in standard form. 

We introduce Held's modified operators which can be written 

~d=-_8 , d'=-# , £' = J>' + |-(* 2 + 2A) + £(* 2 + 2A) (11) 
P P 2p 2p 



in this dyad. Note that our definition of |> is slightly modified from Hold's 
(by the inclusion of A in the non- vacuum case). The purpose of using Hold's 
modified operators is simply to reduce the length of calculations; in particular 
the new operators have the nice properties 



o 



and 



P,P 



[-i-(* 2 + 2A)-l(* 2 



2A)] P ,y 



(12) 
(13) 
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so that, in particular, if -q° satisfies p?y° = (a degree sign will throughout the 
paper, be used to denote a quantity that is killed by p) then 



p<9 r]° — p, <9 



T]° = 



and the same result is true if d is replaced with d or p . 

We will now give the results of the integration. More details can be found 
in §. 

First of all, the GHP-operators acting on p are 



PP = p 2 

Bp = o 
dp = P 2 d'n° 

t>'p = P 2 P'° \P 2 P% \ P ^°2 



P 



(14) 



where 17° = 4 — - is the twist of the congruence. From these wc obtain the 

p p b 

useful relations 



P 17° = 
P 'l7° = p'° - p'° 

db'n° = 2ny° + V% - % 

The curvature scalars and the spin coefficients are 



(15) 



P 
k' 

*4 = 



PP'° ~\{P 2 + PP)n~ P 2 P$°n + ~A 
2 p 

k'° - P % - l - P 2 ~d'n - l -p z nd'n° - p-p^ii - P 2 0ni - p 3 /^^ 



P A n + 2 P a p$° 11 

P 2 % + P 3 ~d'% + lp 4 n~d'n° + p 2 p^° 21 + 2p 3 p~d'^ n + 3p 4 p<t>° n d'n a 



p^I + P 2 d'y° 3 + ^p 3 (d' 2 v° + 2%d'n°) + ~p 4 ($°# /2 n + 3d'n°d'y°) 
+ i -p 5 n(d'n ) 2 + P 2 p~d'^ 21 + p 3 ^' 2 ^ + $° 21 ~d'n°) 



3p 5 p^° n {d n° 



$n = p 2 p 2 <t>° n 



$ 21 = P p^° 21 + p 2 p^d + P A p 2 n° 

$ 22 = PP$22 + P 2 p(~d'%i - \$>'®n) + PP 2 (d<$>° 21 - ip'^) 



G 



- P 3 pW 21 d n° 



+ P 3 p 2 d ft ^ - P 2 p 3 dn°d <f>° n - pZp^lidWd n c 
The remaining Ricci and Bianchi equations are 



p p - 




= A(2ny° 








= -*4 






d'p'° 


= -nV° - 






d% 








p'*2 


= *22 






£'*3 




2^i 



Finally, the commutators become 





= 




= 


p,i'" 


f 1 2 









1 -o^r° 
nP*2 



p 2 p<S>° 11 +pp 2 <t>° 1 



A 



1 x-^o 1 o— o ~ 



AdQ c 



-— + n + \pd'n + \p 2 <d'n° 
p i i 



P^2i + Ppd®u 



p$° 21 + ppd 



+p^ 1 <9 o° )p + p(k /0 + n 
(p'° p 



~'° pA 1 



2> 



2> 



(16) 



(17) 



P' 



(18) 

It is worth noting that the sixth equation of ([17]) and the imaginary part of the 
fifth equation of (O) are actually consequences of the other equations. 



\ p p 

+n°f>' + P (p'° + n o2 A) - q (p'° + n o2 A) 



1.4 Outline 

In Section 2 we p-integrate the Weyl-Lanczos equations and obtain their general 
solution in the case when Labca' = Mabcoa', for spacetimes of class Q where 
l a = o A o A is the geodesic shear-free expanding null-congruence. 
In Section 3 we consider the equation 

LaBCA' = V(A B H BC )A'B' 
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where Labca' is found in Section 2 and Haba'B' is completely symmetric; we 
use the results and techniques from Section 2 to find its general solution for the 
case Haba'B' = Qaboa'Ob' ■ In particular it is shown that such an TJ-potential 
always exists, providing the function of integration Lj from Section 2 vanishes, 
which is a permissible choice. 

Section 4 concerns itself with metric connections Vaa' defined by 

V AA ,£ B = V AA ,£ B + 2T C B AA ^ C (19) 

where 

Fabca 1 — L AB CA' + SAC^BA' + ^BC^AA' 

and L A bca' is symmetric over its unprimed indices. We remark that a spacetime 
equipped with such a connection is called a Riemann-Cartan spacetime. It 



has been shown 1 1 that in the Kerr spacetime a particular choice of such a 
connection, due to the fact that it has vanishing curvature, can be used to define 
quasi-local momentum. This particular choice of T A bca' can a lso be written 



FABCA' — V(X H B )CA'B>, 

where H ABA >B' = Qaboa'Ob' for some spinor Q AB = Q(ab)- 

It was subsequently shown ^ for this choice of Tabca' , that the symmetric 
part L A bca' is actually a Lanczos potential of the Weyl spinor in the Kerr 
spacetime. It is therefore of interest to see if the Lanczos- and -H-potentials 
found in Section 3 and 4 can be used to define a connection that has vanishing 
curvature for these more general spacetimes. 

We show that any connection V ' AA i defined by ( ^9|) from a Lanczos poten- 
tial of the type investigated in Section 2, has vanishing Weyl curvature, i.e., 
^abcd — 0. We also show that we can accomplish Yi A b = if and only if 
the Lanczos potential we start from possesses an if -potential of the type in- 
vestigated in Section 3. We go on to prove that in spacetimes where A = 
or d n° — we can also eliminate A by choosing the functions of integration 
LI = -A and H° 2 , = -0L° 5 - fi°A. 

When we look at the Ricci spinor <& A b A 'B' it is shown that three of its com- 
ponents always vanish, and providing A = the remaining six components can 
be eliminated by fixing another function of integration H^ 2 , — 3f2° Lg and de- 
manding that the three remaining functions of integration L4, Lj2 and H^ 2 , are 
solutions of a coupled system of third order equations involving only the differ- 
ential operator d , and a first order non-linear equation involving the operators 
d and b only. We go on to prove that all these conditions can be simultaneously 
satisfied and hence, providing A = 0, a completely curvature- free connection can 
always be constructed in this manner. 

In Section 5 we examine the Bergqvist-Ludvigsen construction of quasi-local 
momentum in class Q spacetimes with vanishing Ricci scalar, and in greater 
detail in the special case of Kerr-Schild spacetimes belonging to this class. 
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Section 6 discusses possible ways of continuing this work, and also contains 
a few concluding remarks. 



2 All Lanczos potentials of the Weyl spinor that 
are aligned to o A ' 

In this section we will find all Lanczos potentials of ^ abcd in spacetimes of 
class G, that have the algebraic structure Labca' = Mabc°A' with o A as in 
the previous section. Such a Lanczos potential will be said to be aligned to o A . 
Thus, we assume once again that we have a spacetime of class Q with a spinor 
dyad in standard form. That Labca' is aligned to o A amounts to choosing the 
Lanczos scalars 

La = Li = L 2 = L 3 = (20) 
The existence of such Lanczos potentials in these spacetimes has already been 



shown by Torres del Castillo |2lJ, 22 . He actually proves existence in the 



slightly more general class of spacetimes that does not require A to be a constant 
and also allows ,0 = 0. However, his approach differs significantly from ours and 
he is therefore unable to find all Lanczos potentials of this type. 
The Weyl-Lanczos equations in GHP-formalism then become 

= — LL4 + /7L4 

= — 3LL5 — pb L4 — 3(p — p)L§ 
*2 = ~i>L 6 - pd'L 5 - (2/9 - p)L 6 
2*3 = -££7 - 3pd'L 6 - (3p - p)L 7 
i* 4 = -pd'L 7 . (21) 

The first equation can immediately be p-integrated: 

0=iti 4 -L 4 = L(-l 
p \ p 

so that 

Li = pL\. (22) 

Then 

d L4 = pd L\ 
which substituted into the second equation gives 

= + (£-p)L 5 + \p 2 d'Ll = L(^L 5 + \p~d'Ll 

p V p / 6 \p 3 
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Thus, 

L 5 = P -Ll - \$L% (23) 
P 

Substituting this into the third equation and p-integrating in the same way 
gives, using the expression for ^2, an expression for Lq 

L^^Ll-Pb'Ll + Ypi^Ll + ZLld'w)-^ (24) 

We can also p- integrate the fourth equation to get an expression for 

L 7 = P. L o _ 3 P_~ d ' Ll + ^(d' 2 Ll + 2L°~d'n°) - 

p p £ p Zi 

~p(d' 3 Li + 3Lfd' 2 n° + 9d'n°d'L° 5 + %) - \ P 2 b'n - l - P p^ 21 
~ P H°~d'n° ± P 2 p~d'$° n - ^p^d'n (25) 

These Lanczos scalars will give a Lanczos potential if and only if the fifth equa- 
tion of (21) is satisfied. By substituting the above expression for L7 into this 
equation, and using the formula 

P 

P = 



1 + pfl° 

we find that the fifth equation of (Elh is satisfied if and only if 



= B'l° 7 - 3 P (d' 2 L° + L°d'n°) + l P 2 (d' 3 L° 5 + 2L° 6 d' 2 fl° + &d'n°d'L° 6 + 1*°) 

-IpS^" 4 ^ + 3L og' 3 n o + i 2 g ,2 n°d'L° + l%d'VL°d' 2 Ll + 18L° 6 {d'n ) 2 

+d'^-3Q.°^l). (26) 

By repeatedly applying b to the RHS of the above expression, and dividing by 
p 2 , it is easy to show that equation (^6|) is satisfied if and only if each coefficient 
vanishes. Thus, the above Lanczos scalars will yield a Lanczos potential of 
^ abcd if and only if the functions of integration satisfy 

= B'l° 7 

= d' 2 L° + L°d'n° 

= d' 3 Ll + 2L° 6 d' 2 n° + 6d'n°d'L° 6 + 

o 

= d' 4 L° 4 + 3L0 3 Q° + 12d' 2 n°d'L° 5 + 18d'n°d' 2 Ll + 18L° 6 {d'n°) 2 

- (27) 
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Since j},<9 = it follows that the first of the above equations can locally 

be solved for L£. Once we have done that, the second equation can be solved 
for Lq. Similarly, the third and fourth equation can be solved for L\ and L\ 
respectively, irrespective of the values of f2°, ^\ and ^4. Hence, we have proved 
the following theorem: 

Theorem 2.1 For any spacetime of class Q with spinor dyad in standard form, 
all Lanczos potentials of the Weyl spinor that are aligned to o A are given by 



- 1%L\ + \p(d a Ll + 3Lfd'n°) - \ P H° 2 - - \p 2 mr 



Li 


= pL\ 










Us 


- P L° 






Lr 


- 

— 1^7 




P A 



) p'Ll + \P p {d l2 Ll + 2Lld l n°)- 1 - 



-\p{d'*Li + 3L°sV + 9~d'n°li'L° + *§) - \ P 2 b'n - l - P p^ 21 

\p z nd'n° - \ P 2 p~d'ni - \p S p$lid'n° (28) 



where the functions L\,L§,Lq and Lj are subject to the conditions j\2l[). In 
particular, there always exists a local Lanczos potential that is aligned to o A . 

For future reference, we note that a particular solution of the first two equations 
© is Lj = 0, L% = -A. 

3 All i7-potentials of Lanczos potentials of the 
Weyl spinor that are aligned to o A ' 

We will say that a completely symmetric spinor Haba 1 b> is aligned to o A if it 
has the algebraic structure HabA'B' = QabOa'Ob' ■ In this section we will find 
all such spinors Haba 1 b' that are solutions of the equation 

Labca 1 = V( j4 B H BC)A 'B' (29) 

where Labca' is a Lanczos potential of the Weyl spinor, i.e., 

^abcd = 2V \ A A L BCD ) A >, 

in spacetimes of class Q with spinor dyad in standard form. 

First we note that if HabA'B' is aligned to o A and satisfies (29) then 



LaBCA'0 A = A V(A B H BC )A'B' = -Q(BC° A ° B V ' A)B'OA' 
= kQ(BC l A) - vQ(BC°A) = 
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so that Labca' has the algebraic structure Labca' = Mabcoa' for some sym- 
metric spinor Mabc and is therefore itself aligned to o A . Hence, it suffices to 
solve equation (^9|) for the Lanczos potentials found in the previous section. We 
remark that since the spacetimes we are considering are not necessarily Ein- 
stein, and since we are only considering .ff-potentials that are aligned to o A , 
their existence is not guaranteed by the results in M . 

If HabA'B' is aligned to o A it follows that only the components H 02 , , #12' 
and H 22 > are non-zero and from the above calculation we see that four out of 
the eight GHP-equations are identically satisfied. The remaining four become, 
using Held's operators 



U = 




- pH 02 > 




3i 5 = 


-2$>H 12 , 


- pd'H Q2 ' 


- 2(p - p)H 12 


3£ 6 = 


-bff 22 , - 


- 1p$Rxi> 


- (2p - p)H 22 


L 7 = 


-pb H 2 2' 







(30) 

The first three of these equations can now be p-integrated in the same way as 
in the previous section and after some calculations we obtain 

H Q 2> = -L\ + p~Hq 2 , 
P 



2 p z p 2 

H 2 2< = 3-^L° 6 + ^H° 22 , - \- p ($H° 12 , + d' 2 Ll - 9Lfd'n°) + \p^ 2 

+^p{d' 2 H° 2 , + 2H° 2 ,d'n° - L° 4 d ,2 n° - d'n°d'L° 4 + 

+ \pp®lx (31) 

These iJ-scalars now give an Jf-potential of a Lanczos potential of the Weyl 
spinor if and only if the last equation of (^0|) is satisfied. By substituting the 
above expressions for L7 and H 22 ' into this equation we find that it is satisfied 
if and only if 

= L° + p 2 {d'H° 22 , + p'Li - 6L°b'n°) 

-2p 3 (d' 2 H° 12 , + H° 2 ,~d'n° + ±~d' 3 L° 4 - 2Lfd' 2 n° - p'n°~d'L° 5 + ±%) 

+ ^p i (d' 3 H° 2 , + 2H° 12 ~d' 2 Vt° + 6d'n°d'H° 2 , - L°<9'V - 2~d' 2 £l°~d' L% 

-9L° 5 (d'n°f + ^b'n - n°v° 3 - (32) 
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By repeatedly taking b of the above equation and dividing by p 2 we obtain the 
following necessary and sufficient conditions for Haba 1 b> , aligned to o A , to be 
an iJ-potential of a Lanczos potential of the Weyl spinor. 

= L° 

= B'h° 2 , + I&'li - 6L°a'n° 

= d' 2 H° 2 , + H° 2 ,d'fl° + \d' 3 Ll - 2L° 5 d' 2 n° - ^d'fl°d'L 5 + 

= d' 3 H^, + 2H^ 2 ,d' 2 n° + 6d'n°d'H? 2 , - L° 4 d' 3 n° - 2d' 2 n°d'L° 4 

-QLlid'wf + ^d'^-Wn-^ (33) 

Now, because b, d =0 the second of these equations must have a local 
solution, H 22 ,. By substituting this solution into the third equation, a local 
solution, H\ 2 , , of this equation must exist, and similarly the fourth equation 
must have a local solution Hq 2 ,. Thus, a Lanczos potential of the Weyl spinor 
has an if-potential that is aligned to o A if and only if = 0. 
Summing up, we have proved the following result: 

Theorem 3.1 For any spacetime of class Q with spinor dyad in standard form, 
all H -potentials that are aligned to o A , of Lanczos potentials of the Weyl spinor, 
are given by 

#12' = ~Ll+ P -H° l2 , \p(d'H° 2 , Lld'si") 
2 p z p 2 

H 22 > = 34^6 + 4#2°2< - ~(4s'h! 2 , + d' 2 Li - 9Lfd'n°) + 

p a p z 2 p 4 

+^p(d' 2 H° 2 , + 2H° 2 ,d'n° - Lid' 2 n° - d'n°d'Li + 

+ \pP*li- (34) 

The functions of integration L%, Lg, L%, Hq 2 , , if° 2 , and H 22 , are subject to the 
conditions 

o = d' 2 L° 

= d' 3 L° + 2L° 6 d' 2 n° + 6d'£l°d'L° + -tf ° 

o 

= d' 4 L° 4 + 3L° 5 d' 3 n° + 12d' 2 n°d'L° 5 + 18d'n°d' 2 L° 5 + 18L 6 (d'n f 
+d'*3 - 3fi°*° 
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- §'#22' + \d' 2 L% - 6L°~d'n c 



o = d' 2 H° 2 , + H° 2 ,~d'n° + \d' 3 Li - 2L°d' 2 n° - ^d'n°d'Li + 



= d' 3 H° 2 , + 2H° 2 ,d' 2 n° + 6d'n°d'H° 2 , - L^'V - 2d' 2 ft°dL° 

-9L° 5 (d'si°) 2 + ^d'*° 2 -n°n-ni (35) 

and in particular, there always exists a local H-potential that is aligned to o A . 

We also note that the Lanczos scalars of the Lanczos potentials obtained in this 
theorem, are given by (|2|) with = and for future reference, we also note 
that a simple particular solution of the first equation is Lg = —A. 

4 Lanczos potentials and curvature-free connec- 
tions 

4.1 Riemann-Cartan equations 

It is well-known Jl9[ that given any spinor Tabca' = ^(ab)ca' we can define a 
metric connection V aa 1 by the equation 

^AA-i B = V AA ,e + 2T c B AA ^ c (36) 

and providing r abca 1 ^ the connection V ' AA i will have non-zero torsion. 
The curvature of such a connection can be described by its curvature spinors 
^abcd = ^ (abc D) -i ^ ABA' B' = ®(AB)(A>B'), ^ab = ^(ab) and A, through the 
formula 0, § 

Rabcd = £A'B'£C'D' [^ABCD + ^{£B(C^D)A + £A(C^D)b) 
+M £ ADSBC + SAC^Bd)] + $ABC'D'£A'B'£CD 

+c.c (37) 

where c.c stands for the complex conjugate of the entire expression. 

Note that if the torsion is non-zero then $>abA' b' and A are in general 
complex quantities and Yi A b is in general non-zero. 

The curvature spinors of V AA > are related to the curvature spinors of V AA > , 

0, i 

^ABCD — ^ABCD — ^ (A T BC D)E' — ^ E(AB E F E ' CD)E' 

A A ^V7 E' r EF 1-p r EGFE' , 1 r F r EG E' 

3 FE ' ~ 3 EFGE 3 EFE ' 1 G 

V _ ^yjEE'-r J-ry E'tE ^ r E' r EF 

^AB — -V 1 E{AB)E' — J V(A 1 B)EE' ~ ^ E(A\F\ 1 B)E> 
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L r E'j^EF 
— 2 E(AB) t FE' 

& ABA' B' — ^ ABA' B' — 2V( j4 £ t\A'B'E'\B) + 4f A'E'F'(A^ \B> \ E F B) (38) 

Now, Tabca' can be decomposed into a symmetric (3,l)-spinor LabcA' and a 
complex covector Xaa' according to 

Fabca' — Labca' + sac^ba' + £bcXaa> (39) 

where LabcA' — ^(abc)A' and Xaa' = \^ab B A'- It can then be shown jjj 
that the curvature spinors of V aa' can be expressed as 

$ ABCD — ^ ABCD — 2V( j4 ' E L BCD } E , — &X( A E ^BCD)E' + ^{AB EE L C D)EE> 

A = A — V EE Xee 1 — -^Lefge'L efge + AX EE iX EE 
^ab — ~^ EE Labee 1 + v \a E Xb)e' — 3Lab ee X EE i 

& ABA' B' — ^ ABA' B' ~ 2V( J 4" B L\A'B'E'\B) + 2V ' (A\A'Xb'\B) + 2V ' (A\B'Xa'\B) 
+^-L A 'E'F'(aL\B'\ E F B) + &L A 'B'E'(A^ E B) 

+16X A '(aX\b>\b) (40) 

We note that the corresponding equation in both Q and || unfortunately con- 
tains a misprint in the coefficient of the last term. These equations will be used 
to find connections on the spacetimes studied in the previous sections, that are 
curvature-free and for which Labca' is a Lanczos potential of the Weyl spinor 
that is aligned to o A . 

4.2 Kerr-Schild spacetimes, Lanczos potentials, curvature- 
free connections and quasi-local momentum 

In |ll| Bergqvist and Ludvigsen study the Kerr spacetime. It is known to be a 
special case of a Kerr-Schild spacetime, i.e., its metric can be written 

9ab = Vab + ZflJb (41) 

where r\ a b is a flat metric, l a — o A o A is a null vector that, in the Kerr case, is 
geodesic and shear-free and / is a real function that can be written 



in the Kerr case. If we put 

HaBA'B' = foAOBOA'OB' = fLh (43) 
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it was shown in JTl| that the spinor 



^ABCA' — V (j4 H B }CA>B' 

defines a metric connection with non-zero torsion, but vanishing curvature, i.e., 
Rabcd = 0. In Q it was subsequently shown that the spinor 

LaBCA' = ^(ABC)A' = ^{A B HbC)A'B' 

is a Lanczos potential of the Weyl spinor that is aligned to o A . 

These results were generalized in Jl3| and || . The final result is that in any 
Kerr-Schild spacetime where l a = o A o^ is geodesic and shear-free, the above 
construction yields a metric, asymmetric, curvature-free connection V aa' with 
the property that Labca 1 — ^(abc)A' is a Lanczos potential of the Weyl spinor 
that is aligned to o A . 

In |To| , pT| ] Bergqvist and Ludvigsen used the curvature- free connection 
V aa' described previously, to define quasi-local momentum in the Kerr space- 
time. In this section we will review this construction. 

That W aa' is curvature-free means that it is integrable, i.e., parallel propa- 
gation is path independent. From this fact we can easily prove that the spinor 
fields that satisfy the equation 

Vaa>Zb = (44) 

form a 2-dimensional vector space over the complex numbers. We will call 
this vector space of spinor fields S (with indices according to the abstract index 
notation fl9| when appropriate). For a spinor field £a € Sa we define the spinor 

^AB = i ( A^B) C 'lc - lc^{A C 'iB) (45) 

and the (antisymmetric) 2-form 

F a b = i{£AB<pA'B> - EA'B'PAb)- (46) 

Bergqvist and Ludvigsen prove that F a b is actually a closed 2-form, i.e., V[ a F& c ] = 
0. Given a spacelike 2-surface E they then define the quasi-local momentum 
Paa'(E) as a 1-form on the hermitian part of S A <g> S A , by the equation 

P A A'(m A ^ A ' = ^ J f- (47) 

This defines the action of Paa'(E) on null vector fields in the hermitian part of 
S A ® S A and by linearity its action is then defined on all of the hermitian part 
of S A ® S A . We note that this definition is genuinely quasi-local as we have 
made no reference to the asymptotic properties of the Kerr spacetime. Paa'(£>) 
can also be shown to, in a certain sense, agree with the Bondi momentum when 
S is a cross section of future null infinity. 
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4.3 Connections and Lanczos potentials in class Q space- 
times that are aligned to o A 

4.3.1 Connections for which ^abcd = 0, Eab = 

We will now give a similar construction using the Lanczos potentials and H- 
potentials that were found in the previous sections, as in the Kerr-Schild case. 
Thus, suppose once again that we have an arbitrary class Q spacetime with 
spinor dyad in standard form. 

If we choose HabA'B' to be aligned to o A then, as is already shown, Labca' 
will automatically be aligned to o A . In a similar way, it is easy to show that 
Xaa' = ^aoa' for some spinor A^- It automatically follows that all the product 
terms in the fir st th ree equations of ( fL0| ) vanish. Moreover, if we choose Haba> b> 
as in Theorem 3.1, so that Labca' is a Lanczos potential of the Weyl spinor, it 
is easily seen that ^ abcd = 0. Hence, we immediately get the result 



Proposition 4.1 Let HabA'B' be as in Theorem 3.1. Then the spinor 



FaBCA' — V( A B Hb)CA'B> 

defines a metric connection V aa> through the equation 

V ' AA'£, B = V ' AA'£, B + 2T C B AA'£, C 

that is i&-flat, i.e., 'f abcd = 0. 

We will next choose a particular class of i/-potentials that will ensure that the 
curvature spinor T,ab vanishes. We will do this in two steps. First we will 
p-integrate the GHP-version of the corresponding equations from ( fiTf ) to get 
Xaa> ■ Then we note that from the definition of Xaa> we have 

X-AA' = 7^AB B A' = ~q^ BB HaBA'B', (48) 

so we then substitute our expressions for the various quantities into the GHP- 
version of this equation to get the possible choices for HabA'B'- 
Hence, first we wish to solve the equations 



= ±ab = -y EE 'L AB EE> + V(a E 'Xb)e> (49) 



We note that since by assumption Xaa> = Xaoa' it has only two non-vanishing 
components, namely 

Xoi' = Xaa'0 A l a 

X\v = XAA't A t A 
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Then the GHP-version of (|49|) becomes 
= -f>X i' + P*oi 



2 d>L 5 - pd'L 4 - (3p + p)L 5 ) 



(50) 



= -f>X U / - pd'Xov -{p- p)X n , + ~Q>L 6 - P a'i 5 - (2p + p)L 6 ) (51) 



1 



= -pd X 1V + - (f,L r -pdL 6 -{p + p)L 7 ) 



(52) 



By using the Weyl-Lanczos equations we can eliminate d Li,i — 4,5,6 from 
the above equations and by substituting the expressions from Section 3 for the 
Lanczos scalars it is possible to p-integrate the first two of these equations, 



Xoi> — -L\ + pX° 0V 

V O ' T ° I P V° 

All' — ^^2^6 + p 11 ' 



p(dX° QV -Lfdn°) + -pp^. (53) 



We now need to substitute this into the third equation, but before we do that 
we will temporarily drop the assumption that Xaa 1 = ~\^ BB Haba'B' and 
instead just assume that Xaa' — ^aoa' so that we allow for a non-zero L^. 
Then the third equation becomes 



= L° + p 2 (d'x° n , + \d' 2 L° 5 - 3L°d'n° 



-p 3 (d' 2 X° 1 , + X° n ,d'tt° - Ll~d' 2 n° - d'n°d'L° 5 + -V° 3 ) 



(54) 



By identifying coefficients in the same way as in the previous sections we obtain 
the conditions 



L° 7 

~d'x° lv 



2 5 

l-X^yd'fl 



3L°<3 n° 



an°dL° 



6 3 



(55) 



By the commutator 



it follows that we can solve the second of these 
equations for X\ v , substitute the result into the third equation and solve it 
for Xq V . Hence, it follows that we can choose Xaa 1 so that Y>ab = if and 
only if iy = 0. Recall from the previous section that our Lanczos potential 
Labca' possessed an -potential if and only if L 7 — so the Lanczos potentials 
that allow us to obtain a connection of the above type, with T,ab — are 
precisely the Lanczos potentials that possess an i?-potential that is aligned to 
o A . However, it remains to be seen whether the ff-potential can be chosen so 
that Xaa' — —\^ BB Haba'B', i-e., so that 



Fabca> 



(A 



B' 



H 



B)CA'B'- 
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This will be the topic of our next investigation. 

The GHP-version of the equation Xaa 1 — ~^ BB HabA'B', as two of the 
four equations are identically satisfied, is 

6X i' = -$H 1V + pd'H Q2 > + (2p + p)H 12 , (56) 
6Xu< = -1>H 2 2> + p~d'H 12 , + (p + p)H 22 , (57) 

We can use the equations (^0|) to eliminate the quantities d Hq 2 > and d H\ 2 > 
from these equations and we can substitute the expressions for the Lanczos-, 
H- and X-scalars obtained previously, into these equations. Then they become, 
after some simplification 

= 2X° 0V - H° 12 , - Id' L\ 

= 2X° 1V H° 22 , \d'Ll p(2~d'x° 01 , - ~d'H° 2 , - l -d' 2 Ll) 

We see that if the first of these conditions is satisfied, then the expression within 
parenthesis in the second is identically zero. Hence, the conditions simplify to 

x oi' = 2 H ^ 2 ' + 6^ L ° A 

X° 1V = l -H° 22 , + l$L% (58) 

We have chosen the f/-scalars to satisfy (^). Thus, we need to check that the 
X-scalars defined by (p8|) satisfy (|55|). We obtain, according to ( p^3| ) 

0=l(d'HZ 2 , + p' 2 Ll-6L° 6 ~d'n°) 

= d\\ H °22- + \sfLl) + \d' 2 Ll - 3Lfd'tt° 

= d'x n , + \d' 2 Ll - 3L°d'n° 

which is precisely (|55|). For Xq V we obtain 

o = \{d l2 H° 12 , + H° 2 ,~d'n° - 2Lfd' 2 n° - p'si°d'L° 6 + \d"Ll + 
= d'\\Hi 2l + l -b'Li) + {\h° 2 , + \d'L°)B'n° - Lfa' 2 n° 

-d'n°d'L° + 

5 6 6 

= ~d' 2 x° 01 , + x° n ,d'n° - L° 5 d' 2 n° - d'si°d'L° 5 + 1*° 

which is also condition (p5|). 

The following result can now easily be proved: 
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Theorem 4.2 In spacetimes of class Q , a spinor T abca> = ^(ab)ca' that is 
aligned to o A (i.e., TabcA' = Nabc°A' with Nabc = ^(ab)c) whose symmet- 
ric part Li abc A 1 = ^(abc)A' * s a Lanczos potential of the Weyl spinor, defines 
a connection V aa' for which $ abcd = and T,ab = if and only if it can be 
written 

Fabca' — V \ A B Hb)CA'B' 

for some spinor HabA'B' = Qaboa'Ob' with Qab — Q(AB)- With a dyad in 
standard form, the Lanczos- and H-scalars for these spinors are given by $2t\), 
and |||) with L° 7 = 0. The X-scalars are given by and 

Proof: Suppose the X- and _ff-scalars are related as in (|5S|) , i.e., Xaa' — 
— \V bb HabA'B'- Then the above calculations prove that the conditions ( ^5| ) 
and ( |35|) are equivalent. Since ( |55| ) is equivalent to the vanishing of T*ab and 
since (|33|) is equivalent to Haba 1 b 1 being an iJ-potential of a Lanczos potential 
of the Weyl spinor, the theorem follows. □ 

We also note that, in particular, it follows that such spinors Tabca' and 
Haba'B' exist in every spacetime of class Q. We remark that this partial result 
was proved in p| using a particular construction of Lanczos potentials by Torres 
del Castillo. f2i|j, |||. 

4.3.2 Connections for which A = 

We will now check whether our choice of if-potential also allows us to put A = 0. 
According to ( f4(i| ) the condition for this is 

= A - V EE 'X EE ' = A - pXu, + pd'x 01/ + {p + p)X lv . 

By using the expression ([53]) for the X-scalars, we arrive at the condition 

Q = L°+A + p(2X° n , + d'L° + n°A) 

By identifying coefficients in the usual way we obtain the result that A = if 
and only if 

= L% + A 

= 2X° n , + d'L° + n°A (59) 

As remarked above, the first of these conditions satisfies the Lg-equation of ( f27j) 
identically, as we have already chosen Lj = in order to get Y,ab = and in 
order to obtain an iJ-potcntial of Labca 1 and we assumed that A is constant. 
We now check the second condition by substituting it into ( |55"| ) 

= 2d'x° 11 ,+d' 2 L° 5 -6L 6 d'n = d' (-d' L\ - ft°A) +d' 2 L° 5 + 6Ad'n° = 5Ad'n°. 
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Hence, it is satisfied if and only if at least one of the conditions A = and d fi° = 
is satisfied. The second of these conditions is easily seen to be equivalent to 
the perhaps more familiar looking GHP-condition d' p = which is satisfied, 
e.g., if p = p. 

If we now define 7J-scalars according to (|58|) it is clear that the conditions 
(j33|), for Haba'B' to be an iJ-potential of Labca' , are also identically satisfied 
if and only if A = or d'fl° = 0. 

Substituting (|59| ) into the equations (|34| ) and ( j35[ ) and using that Ad ft° = 
proves the following result: 

Lemma 4.3 Given a spacetime of class Q , there exists a spinor Haba 1 b' = 
QabOa'Ob' , Qab = Q(AB) such that the spinor 

FabCA' = V( A B H B }CA'B' 
defines a metric, asymmetric connection for which 

^abcd = , t A B = , A = 

if and only if A = or d fl° = (<^> & p = 0). All such spinors Haba'B' are 
given by 

#02' = ~L% + pH° n , 
P 

27 5 p 12 '^2' 

■4A-4(|s'Lg + n»A)-i£| 
p 3 p 2 v 2 5 2 p 

+ Jp*2 + \p{d' 2 H° 2 , + 2ff 1 ° 2 ,S'o° - Li& ,2 n° - d'sra'Li + \n) 

+\pP$li (60) 
where L\, L§, -ffg 2 ' #12' are subject to the conditions 

= gV 3 l° + 

= d' 4 L° 4 + 3L°d' 3 n° + l2d' 2 n°d'L° 5 + l8d'n°d' 2 L° 5 + - 30°*° 

= B' 2 h° 2 , + \d'*Li - 2L°d' 2 n° - 3d'n°d'L? + 

= d' 3 H° 2 , + 2H° l2 ~d' 2 tt° + 6d'£l°d'H° 2 , - L° 4 d' 3 n° - 2d'' ''n°d' ' L\ 

-9L°(d'n°) 2 + -d'^° 2 - n°y° 3 - <f>° 21 (61) 



H 12 ' = ^Ll + P -H° 12 , -p{dH° 2 , Lfd'n° 

H 2 2> = -34A - 4 (P' L l + fi ° A ) - ^7 (*d' H i2> + d' 2 L\ - 9L0ST) 
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4.3.3 The Ricci spinor of Vaa' 

In this section we will consider the Ricci spinor of V aa' ■ We will therefore 
assume that Labca' and Xaa< are both aligned to o A and have been chosen 
to give ^ abc d = 0, Y*ab = 0, A = in a spacetime of class Q with dyad 
in standard form. Thus, in particular we assume that Ad 57° = 0, Lj = 0, 
L° 6 = -A. Put 

Mabc = L A bca"< A — L-joaoboc - 3£ 6 0( j4 o B t C ) + "iL^o^B^c) ~ L^la^b^c 

^A = ^AA't A — "X-XX'OA - Xoi/tyi (62) 

Then the complex conjugate of the fourth equation of ([Io|) becomes 

& ABA' B' = $ ABA'S' — 2MabE^ ' (A' °B') ~ 20(^'Vs') MabE 

+4:X( A ^b)(A'Ob') + 4o (A ,V s , )(A A b) + 4M a ef Mbefoa'Ob' 
+SM A be^ E oa'0 B ' +16X a X b oa'Ob' (63) 

Since Qaba'B' is in general non-hermitian it has 9 complex components defined 
according to the usual convention fOI , 
Since 

o A o B V aa'Ob' = &oa — kla = 0, 
it follows from ( |63|) that &aba'B'0 A o b = so that 

$00' = $01' = $02' = 0. 

The 'next' three components become, in GHP-formalism using Held's modified 
operators 

$io' = P^5 - (3p - p)L 5 - pd'L 4 + 2pX i' + 2pX i' 

$ii' = $n + pie - (2p - p)L 6 - pd'L 5 + P X 1V + {p + p)Xiv + pd'Xov 

$12' = $21 + f>L 7 - (p - p)L 7 - pd'L 6 + 2p~d'x lv (64) 

We use ( |2~l| ) and ( |52| ) to eliminate the terms containing d and use our expres- 
sions for the curvature components, Lanczos scalars and X-scalars to obtain the 
following result from the first two equations of ( |34"| ) 

lie = , In- = 

if and only if 

Kv = -\$L% 3fi°A + p(d'x° 01 , ±8? L° 4 - hfd'n° - ^(r&Ll) . (65) 
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respectively. We see that the expression within parenthesis vanishes identically 
if l>io' =0 so that we obtain 

X° n , = --ffLl-WA. 
However, from we have that 



X°, = --d'L% - -n°A 
11 2 5 2 

so we obtain a necessary condition fl°A = 0. 

Assuming the first two equations of ( |o4| ) hold, the third is easily seen to be 
equivalent to 

= d' 3 L° 4 + 9n°d 2 L° + 9d'n°d'L° + 3L°d' 2 n° + ¥§, (66) 

using our expressions for $21, ^3 and L7. This proves that 

$ 10 , = $ n , = $ 12 , = 

if and only if our class Q spacetime with dyad in standard form is such that 
A = or Cl° = and in addition 



X° v = \d'Ll + hl°Ll 

= d' 3 Ll + 9n°d' 2 L° 5 + 9d'fl°d'L° 5 + 3L° 5 d' 2 Q° + *° (67) 

It remains to check that these choices satisfy the conditions from the previous 
chapters: 

= ~d' 3 L° 5 + 

= d 4 LI + 3L0 3 ft + 12d' 2 n°d'L a + 18d'n°d' 2 L° 5 + B'% - 3ft ^ 

= B' 2 x° 01 , + x° lv B'n° - L° 5 d /2 n° - d'n B'L° 5 + (68) 

We will now show that the equations (|67| ) and the first equation of ( |6^ ) implies 
the last two equations of (|68|). First it is easily verified that the second equation 
of ( |68| ) can be rewritten 

o = B\B' 3 l\ + 9n°B' 2 L° 5 + 9B'n°B'L° 5 + 3L°B' 2 n° + *°) - 9ti°(d' 3 L° 5 + 

so it is indeed identically satisfied. Substituting the first two equations of ( |67| ) 
into the third equation of ( |6"§| ) it becomes, after simplification i times the third 
equation of (671) so it is also identically satisfied. 
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According to ( |58| ) , any f/-potential of the spinor Tabca' must satisfy 
and in addition H° 2 , must satisfy 

= d' 2 H° 2 , - 3d'n°a'L° 5 + \d'*L% - 2L°d' 2 n° + 

= ^(d' 3 L° 4 + m°~d' 2 Ll + 9d'n°d'L° 5 + 3L°3'V + (69) 
which is identically satisfied. This proves the following result, 

Lemma 4.4 Given a spacetime of class Q with dyad in standard form, there 
exists a spinor HabA'B' — Qaboa'Ob' , Qab = Q(ab) such that the spinor 

Fabca> — V '( A B Hb)ca'B' 

defines a metric, asymmetric connection for which all curvature quantities van- 
ish except $20'; $21' o,nd $22' if ond only if A = or Q° = (-O- p = p). All 
such spinors HabA' b' o^e given by 

Hq2' = —L\ + pH^ 2 ' 

H 1V = |4 L 5 + Z-^Ll - \p{d'H° 02 , - L0SI°) 
2 p z p 2 

H 2 2- = -34 A - ~~d'Ll - l^{d' 2 L° 4 + 12n°d'L° 5 + 3Lfd'n°) + ]p0f° 
p a 2 p z 2 p 4 

+^P(d' 2 H° 2 , + &L° 5 Q°d'n - L° 4 d' 2 n° - d'n°d'L° 4 + 

+\pp®u (70) 
where L\,L§ and Hq 2 , ore subject to the conditions 

0=~d' 3 L° 5 + ^° 4 

= d' 3 L° 4 + 3Lid' 2 n° + 9d'n°d'L° 5 + 9fl d' 2 L° 5 + % 

= o' 3 h° 2 , + 6L° 5 n°d' 2 n° + 18n°d'n°d'L 5 - L° 4 d' 3 n° - 2~d' 2 n°~d' L° 4 

+9L°(d'n°) 2 + (71) 
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The remaining components of equation ( p3\ j can now be written in GHP- 
formalism, using Held's modified operators, as 

$ 20 ' = -2b L 4 + \2p' + — - - -4 + — ]Li + 2pdL 5 + ipdXov 

P P P 

+ &{LqL± — L\ + L^X\\i — L5X01' + 2Xq1') 

I 21 , = $ 12 - 2£L 5 + Up' + ^1 - ^-]L 5 + 2pdL 6 - 2k' L 4 

P _ P 

+2f.'x i' + W + — l*oi' + 2pdXi V 

P P 

+4(LiL 7 - L 5 L 6 + 2L 5 X 1V - 2L 6 X QV + 4X 01 ,X 1V ) 

— ~l r $9 $9 4At 

$22' = $22 - 2b L 6 + 6/9' ]L 6 + 2p3L 7 - 4/c' £5 

_P P P 

?> r 2* 2 2$ 2 8A n 

+4b X xv + — - + -4 + — Xiv + in'Xov 
P P P 

+8(L 5 L 7 - L\ + L 6 X XV - L 7 X 01 , + 2X\ V ) (72) 

where we have used that 57° A = and hence that — = 4. At a first glance 

p. p . 

it seems unlikely that these equations can be solved since they are highly non- 
linear, but we shall see that the situation is manageable. We will start by 
looking at the non- twisting case, i.e., Q° = (it is not necessary to make this 
separation into two cases f2° = and fl° ^ 0, but it simplifies the calculations 
greatly). By substituting our previous equations into the first equation of ([72J) 
we find that $20' = if and only if 

= AL° 4 

= 3dL° - IpLl - %U$L\ + 6L° 5 d ' L\ (73) 

Continuing with the second equation of ([72) we obtain that $20' = $21' = if 
and only if 

= AL° 4 
= AL° 5 

= 3dL° - £L° 4 - 6L%dfl% + 6L0LI (74) 

After a very long calculation the last equation of J72] ) gives us that $20' = 
$21' = $22' = 0, and hence that R a bcd = if and only if A = and in addition 

3dL° 5 - |£S - 6Lfd'L° 5 + 6L0L O A = (75) 

along with all other conditions derived previously. Before we look at the possi- 
bility of satisfying all the conditions we have obtained, we will also look at the 
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non-twisting case f2° ^ 0. Then, by our previous conditions we already have 
A = 0. If we substitute our previous equations into the three equations (f72|), 
a very long calculation indeed reveals that $20' = <&2i' = $22' = 0, and hence 
that Rabcd = if and only if 

3dL° 5 - $L\ - 6L° 4 d'L° 5 + 6L0 L° 4 + 18fi°L° 2 = (76) 

along with the previously derived conditions. 
This proves the following result 

Theorem 4.5 In a spacetime of class Q with dyad in standard form a necessary 
condition for LabcA' and Xaa' to define a completely curvature-free connection 



is that A = 0. All such connections are given by (28) and ( pq ) where the 
functions of integration satisfy the conditions 

Xl v = \d'Ll+*-WLl 

x° n , = -\d' L% 



2 



= L° 
= L° 

= d' 3 L° 4 + 9n°d' 2 L° 5 + %~d'VL°d'Ll + 3L°d' 2 n° + *£° 3 

= 3dL° 5 - ipL% - 6L° 4 B'l° 5 + QL%d ' L% + 18Cl°Lf (77) 

All H -potentials satisfying V(a S Hb)ca'B' = ^ abca 1 are given by equation 
subject to the condition 

= d ri H° 2 , + 6L°n°d' 2 n° + 18a°d'n°d'L 5 - L° 4 d' 3 n° - 2d' 2 n°d'L° 4 

+9L° 5 (d'n ) 2 + -d'%-n°^° 3 -^ 1 (78) 

Note that at this moment we have not yet proved that all these conditions can 
be simultaneously satisfied. 

4.3.4 The existence of completely curvature-free connections 

In this section we will show that A = is also a sufficient condition for the 
existence of a curvature-free connection of the type discussed previously. As 
seen in the previous theorem we need to find a solution to the equations 

o = ~d' 3 L° 5 + 1 -n 

= ~d' 3 L° 4 + 9n°d' 2 L° 5 + 9d'n°d'L° 5 + 3L° 5 d' 2 n° + *° 

= ZdLl - ipL° 4 - 6L° 4 d'L° + 6L° 5 d' L° 4 + 18Cl°Lf (79) 
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We observe that the first equation can be written 

= d' 3 L°+ 1 -n = d '{^Ll- 1 -^) 
Thus, the first equation is satisfied, e.g., if 

~d' 2 Ll = \k'°. (80) 

We observe that via the commutators it is easy to show that there actually 
exists functions L5 that satisfy this equation. Then the second equation of ([79]) 
can be rewritten 

= ~d'{d' 2 Ll + 3L° 5 d'n° + &Q°d'L° 5 - p'°) 
so it in turn is satisfied if, e.g., 

~d n Ll = p'° -3L° 5 d'n° -6Q°d'L° 5 . (81) 
We note that L4 satisfies this equation if and only if it also satisfies the condition 

Hh\ = -3ft°L° + a (82) 
for some function a° that satisfies 

d'a° = p'° -3n°d'L° 5 . (83) 

r~/ -/] 

Applying the ^> , d -commutator to L° A then gives us the following necessary 
and sufficient condition for the existence of a solution L\: 

p'a° = 3dd'L° 5 . 

Applying the same commutator to a we find that it is identically satisfied and 
hence there exists a function a that satisfies both of the above conditions. It 
follows that the conditions for L\ also satisfies the commutators identically, and 
therefore there actually exists solutions of j79|). 
Thus, our final result is 

Theorem 4.6 In a spacetime of class Q with dyad in standard form there exists 
a Lanczos potential of the Weyl spinor LabcA' an d a covector Xaa' , both aligned 
to o A such that the resulting connection V aa' is completely curvature- free (i.e., 
Rabcd = 0) if and only if A = 0. 

A possible choice of Labca' and Xaa' is given by 



L 4 = pL\ 

L 5 = P -Ll - \f$L\ 

P «5 
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L 6 = -P-b'Ll + l -p(p 10 6n°~d'L°) \pH 2 lpp*§ - ip 2 ^ 
Lr = \k'° \ P % \ P 2 ~d'n \pp^ 21 \pH° 2 d'w ^pd'n, 

X v = ^Ll+p(\d'Ll + ^l°Ll) 

Xiv = —a' L° 6 - l -pp 10 + ±pp*° 2 (84) 
where 

5 3 

d' 2 Li = p'° - 3L° 5 d'n° - m°~d'Li 

i>'L° 4 = 3dL° 5 - 6L° 4 d'L° 5 + 6L0 L° 4 + 18fTL° 2 (85) 

and in particular, there always exists functions LI, L\ satisfying these condi- 
tions. 

All H-potentials of these connections that are aligned to o A are given by 

H 02 > = -L\ + p~Hq 2 , 
P 

H 12 , = -§4 L 5 + -LI - \p{d'H° 2 , - Lfd'W) 
2 p z p 2 

3 p ~i 3~/ lp , 1 1,-/2 

H 2 2> = 2~f b ~~p 5 ~ 2 ~p P 1 P 2 2 P ' 02 ' 

+2H° 2 ,d'n° - L° 4 d' 2 n° - d'n°d'L° 4 + + ^pp$° u (86) 

where Hq 2 , satisfies 

= d' 3 H° 2 , + 6L° 5 n°d' 2 n + 18n°d'n°d'L 5 - L° 4 d' 3 n° - 2~d' 2 n°~d' L° 4 

+9Li(d'n ) 2 + ^d , y° 2 -n y° 3 -<t> 21 (87) 

and in particular, such a function H^ 2 , exists. 

5 Applications to quasi-local momentum 

5.1 Quasi-local momentum in spacetimes of class Q 

Now that we have obtained curvature-free connections in the spacetimes of class 
Q, we will look at possible applications to physics. Thus, in this section we will 
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see how far the Bergqvist-Ludvigsen construction of quasi-local momentum can 
be taken in a general class Q spacetime. In an analogous way as for the Kerr 
spacetime, let Sa denote the 2-dimensional complex vector space of spinor fields 
£a satisfying 

Vaa'£b = 0. (88) 
where V aa' is an arbitrary curvature-free connection given in Theorem 4.5. Put 

fAB = i{A^B) C 'ic - tc>V (A C 't,B) (89) 

and 

F a b = i(e A B>fA'B' - £a>b"PAb)- (90) 

Given a spacelike 2-surface £ we now define a 1-form Paa> on the hermitian 
part of S A <g> S A ' by 

P AA '(m A i A ' = ^ J ?, (91) 

analogously to gcj, 0. 

Because i 7 ^ is a 2-form, (dF) a f, c — V[ a F fcc ] is a 3-form so its Hodge dual 
(*dF) a is a 1-form which is much easier to calculate than (dF) a b c and we have 
that 

(*dF) a = Va> B Vab + Va B 'va>b>- 



By using (|88|) we obtain 

<Pab = 2(Fc>D' D (A e B)C - ^c(AB)c>)£, C l C ■ (92) 

Decomposing V abca' yields 

ip A B = 2{3X C i(a£b)c + Xc>(a£b)c - Labcc>)£ C £, C ' ■ (93) 

A very long spinor calculation involving both the equations ( |40| ) and ( |S8|) now 
reveals that 

(*dF) a = -2i B i B ' {<S>aba>b> + 4(Mabco c - X A o B + 2o A X B ) 
■{Ma'B'C'O - Xa'Ob' + 2o a >\b>) - 36oaoa>XbXb>) 
= : -£ B £ B {^aba'b 1 + ^aba'b' +£a<b'£ab + £ab£~A'B') (94) 

where Labca' = Mabcoa 1 and xaa> = Xaoa' ■ Explicitly, the hermitian spinor 
FabA'B' = J 7 (AB)(A'B I ) and the spinor Sab = £(ab) are given by 

Faba>b' = 4:(M A bco c + o( A Xb)){Ma>b'c>o c + 0(A'Ab')) 
-36o(aXb)0(a>Xb>)) 
Sab = 6o A '\ a \Mabco c - 2o (A A s) ). (95) 
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The components of Tab A 1 b> and Sab in a spinor dyad (o A , t A ) with l a arbitrary, 
are given by 



So 


= -6X i'L 4 




Si 


— — 6Xoi'(^oi' — Lis) 




s 2 


= — 6X ii(L e — 2Xn 


) 


•7"00' 


= 4L4Z4 




Tio> 


= 2L±(2L<s + Xoi'j 




T20' 


= 4ZI(L 6 + Xiv) 




Txv 


= (2i 5 +Xoi')(2i5 


+" Xoi') — 9Xoi'Xoi' 


Tiv 


= 2{L e +X lv ){2L~ 5 


+" ^01') ~ I8X11/X01' 


J~22' 


= 4(i 6 +Xu/)(2^ + 


Xn') — 36Xn/Xii' 



(96) 

We remark that in an asymptotically flat spacetime an analogous construction 
can be performed. As our spin space S we take the asymptotic spin space 
[ po| For t; A asymptotically constant we define ipAB as in (^) and F a b as in 
(P0|). Then F a b is called the Nester-Witten 2-form, the resulting momentum 
P J 4 J 4/(E oc ) where Eqo is a spacelike cross-section of future null infinity, is called 
the Bondi momentum and the Hodge dual of the 1-form — [Taba'B 1 + 
sa'B'Sab + £abS~A'B') is called the Sparling 3-form |2(J. 

We recall that in the Bergqvist-Ludvigsen construction, F a \, was a closed 
2-form. For F a b to be closed in the more general class Q vacuum case it is 
necessary ( |95| ) that Xoi' = ^ao a = or that Mabc° C = 2°(A^B)- 

We first consider the case Mabco c — 2o(aXb), i-e., in components L4 = 0, 



L5 = Xoi' and Lq = 2X\y (from (96)). In a spinor dyad in standard form, 
the functions of integration must satisfy L\ = 0, Xq V = 0, L\d il° = and 
also VP^—O according to the equations (p8|), ( |55| ) and (|77|). This implies that 
^2 = so the spacetime has to be at least Petrov type III. Thus, the condition 
Mabc° C — 2°(A ^b) places severe restrictions on a vacuum spacetime. 

We also see that if Mabco ^ 2oia^b), the only other possibility for F a b 
to be closed is that Xoi' = 0. In this case we also obtain L4 = 0, L$ = and in 
addition 

{L 6 +Xi V )(L^ + X^7)=9X lv X^. 



Referring to fl28|) and ([53|) we find that the functions of integration must satisfy 
LI = 0, = and Xq V = 0. These are also very restrictive conditions even 
though the last one is seen to be identically satisfied. From ((77]) we see that the 
vacuum spacetime must satisfy ^jj = and ^4 = 0. 
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5.2 Kerr-Schild spacetimes of class Q with vanishing Ricci 
scalar 

As an application of the results in the previous section we will now look at 
Kerr-Schild spacetimes of class Q with vanishing Ricci scalar. Following the 
conventions of Section 4.2 we obtain the Lanczos- and X-scalars 

La = , L 5 = , Xov = 

L7 = -\{d'f-ff) 

Xn' = ~(t>f~(p + p)f) (97) 

for arbitrary dyad spinor l a , so we allow for the possibility of the dyad not being 
in standard form. Then we immediately obtain Sab = and in addition 

•7"bo' = , Tiqi = , ^20' = 
=0 , Tm = 

K2> = {{{P + P)^f-{P 2 +P 2 ).f)- (98) 

However, it is easily shown that in these spacetimes 

(p + p)i>f-(p 2 + p 2 )f = -2^ 11 

by rewriting the relevant Newman-Penrose equations in pjj. Hence, 

^22' = -/$n 

and we can therefore write 

FabA'B* = -f$iio A o B o A ,o B i- (99) 

We see that in particular the 2-form F a i, is closed if and only if the Kerr-Schild 
spacetime is vacuum, similarly to the Bergqvist-Ludvigsen construction in the 
Kerr spacetime. Hence, if Si and £2 are two spacelike hypersurfaces such 
that they together form the boundary of some 3-volume V, then Paa'(^i) = 
Paa'(^2) according to Stokes' theorem, in the vacuum case. 

6 Conclusions 

In spacetimes of class Q with dyad in standard form we obtained, by the method 
of p-integration, all Lanczos potentials that are aligned to o A , of the Weyl spinor 
and their if-potentials (also aligned to o A ). The resulting expressions for the 
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Lanczos scalars can be written as polynomials in p and p , divided by some 
power of the factor (1 4- pfl°), by making use of the formula 



l + pQ c 



This is closely related to the peeling theorem in asymptotically flat spacctimcs. 
We therefore expect it to be possible to, extend the approach in this paper to 
such spacetimes and so it may be possible to integrate for Lanczos potentials 
and use them to construct curvature-free connections for (some) asymptotically 
flat spacetimes. 

We remark that this paper can be viewed as an alternative existence proof 
for Lanczos potentials of the Weyl spinor and ^/-potentials of Lanczos potentials 
of the Weyl spinor, for spacetimes of class Q. We also remark that the existence 
proof for iJ-potentials of a general symmetric (3,l)-spinor in is valid only 
in Einstein spacetimes, whereas we have found _ff-potentials in the special case 
when Labca' is a Lanczos potential of the Weyl spinor that is aligned to the 
repeated principal spinor. A similar existence proof was obtained by Torres 
del Castillo , |||] for a slightly more general class of spacetimes though, as 
mentioned above, he did not find all potentials of the type we have discussed. 



His approach was reminiscent of the 7i-space theory 16 ; it would be interesting 
to investigate which of the potentials found in this paper can be written in the 
form that he derived. 

We also note that the condition that Labca' possesses an iJ-potential 
aligned to o A is actually a necessary condition for L abca> to define a curvature- 



free connection in the case that we have studied (Theorem 4.2). This is an 
interesting result and it raises the question whether _ff-potentials of Lanczos 
potentials of the Weyl spinor offers possibilities for constructing curvature-free 
connections and quasi-local momentum in more general spacetimes. We also 
remark that hermitian iJ-potentials seem to play a role in the construction of 
angular momentum [[ill ■ It would therefore be of interest to investigate when 
hermitian iJ-potentials can be found. 

It has been conjectured that the Lanczos potential is related to the NP 
spin coefficients. In || Lanczos potentials for the Weyl spinor whose components 
can be directly equated to the NP spin coefficients of some normalized spinor 
dyad, were studied. It has been confirmed that such Lanczos potentials exist in 
many special classes of spacetimes namely, many stationary axially symmetric 
spacetimes and many cylindrically symmetric spacetimes plj| , all conformally 
flat pure radiation spacetimes and all Kerr-Schild spacetimes where l a is geodesic 
and shear- free ||. Slight variations of the identification scheme also works for 
all type III, N and spacetimes Q|. If we, in a class Q spacetime, choose a 
new normalized spinor dyad (£ A ,£ A ) from the spinor fields in S A , then the 
components of the spinor L abca> are precisely the NP spin coefficients of the 
dyad (£ A ,t; A )- Hence, Labca' = ^(abc)A' is a Lanczos potential of the Weyl 
spinor, whose components can be directly equated to the spin coefficients in the 
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manner described in S. 

An important application of these results is the construction of quasi-local 
momentum Paa' in spacetimes of class Q given in the previous section. The 
reason why we have not explored this application in greater detail is that in 
order to examine the properties of Paa 1 , and also of the analogues of the Nester- 
Witten 2-form and the Sparling 3-form, in this more general class of spacetimes, 
we would need to impose extra restrictions on the global topology onto the 
class Q. Since we feel this would obscure the results obtained so far, a detailed 
exploration of this application will be postponed to a future paper. Another 
development of the Bergqvist-Ludvigsen connection in the Kerr spacetime is 
Harnett's (ll| construction of twistors for the Kerr spacetime. Hopefully the 
results in this paper could be used to generalize this twistor construction to 
more general spacetimes. 
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